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Abstract 

Gravitational field equations in Randers-Finsler space of approximate Berwald 
type are investigated. A modified Priedmann model is proposed. It is showed 
that the accelerated expanding universe is guaranteed by a constrained Randers- 
Finsler structure without invoking dark energy. The geodesic in Randers-Finsler 
space is studied. The additional term in the geodesic equation acts as repulsive 
force against the gravity. 
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Einstein's general relativity connects the Riemann geometry to gravitation. It is the 
standard model of gravity. However, up to now, general relativity still faces problems. 
One of them is that the fiat rotation curves of spiral galaxies violate the prediction of 
Einstein's gravity. Another is related with recent astronomical observations [1]. Our 
universe is acceleratedly expanding. This result can not be obtained directly from 
Einstein's gravity and his cosmological principle. 

The most widely adopted way to resolve these difficulties is the dark matter and 
dark energy hypothesis. However, up to now, such things can not be detected directly 
from observations. This situation causes that some physicists imagine the dark matter 
and dark energy hypothesis possesses some properties of the ether hypothesis at the 
early 20 century. It is reasonable to test the connection between gravitation and new 
geometry. Modified Einstein's gravity may throw new light to the above problems. 
Models have been built for alternative to the dark matter hypothesis. The famous one 
is the modified Newtonian dynamics[2]. Models have also been built for alternative to 
the dark energy hypothesis [3]. 

Finsler geometry, which takes Riemann geometry as its special case, is a good 
candidate to solve the problems mentioned above. In our previous paper [1], a modi- 
fied Newton's gravity was obtained as the weak field approximation of the Einstein's 
equation in Finsler space of Berwald type. We have shown that the prediction of the 
modified Newton's gravity is in good agreement with the rotation curves of spiral galax- 
ies without invoking of dark matter hypothesis. In this Letter, we propose a modified 
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Friedmann model in Randers-Finsler space of approximate Berwald type for possible 
alternative to the dark energy hypothesis. 

It is well known that the violation of Lorentz symmetry is one of the origins of 
new physics beyond Standard Model. An interesting case of Lorentz violation, which 
was proposed by Cohen and Glashow[5], is the model of Very Special Relativity (VSR) 
characterized by a reduced symmetry S1M(2). In fact, Gibbons, Gomis and Pope[6] 
showed that the Finslerian line element ds = {ri^^dx'^dx'^Y^~^^/''^{npdx^)^ is invariant 
under the transformations of the group DISIMf,(2). Further investigation of the VSR 
in Finsler cosmology was presented [7|. In reference [8], we have used the similar method 
of Gibbons et al. to study the Lorentz violations within the framework of Finsler 
geometry. 

Randers special kind of Finsler space, was first proposed by G. Randers [9]. 

Within the framework of Randers space, modified dispersion relation has been discussed[8] . 
A generalized Friedmann-Robertson- Walker (FRW) cosmology of Randers-Finsler ge- 
ometry has been also suggested [TO]. 

The gravity in Finsler space has been studied for a long timefTTl [T2l [T3l [H]. The 
gravitational field equations derived from Riemannian osculating metric were presented 
in [15]. The generalized FRW cosmology and the anisotropics of the universe have 
been investigated for such a metric [7] fTO]. However, their gravitational field equations 
are not consistent with the Bianchi identity and general covariance principle of Ein- 
stein. The gravitational field equations in Berwald-Finsler space has been written down 
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explicitly [T6] (the Greek indices belong to {0, 1, 2, 3} and the Latin ones to {1, 2, 3}), 



Berwald space is just a bit more general than the Riemannian space. Given a Berwald 
space, all its tangent spaces are linearly isometric to a common Minkowski space[T7]. 
This property of Berwald space is compatible with the general covariance principle. 

Before dealing with the gravitational field equations, first of all, we introduce some 
basic notations of the Finsler geometry |18j. Denote by T^M the tangent space at 
X G M, and by TM the tangent bundle of M. Each element of TM has the form 
(x, I/), where x G M and y G T^M. The natural projection vr : TM — > M is given by 
7r(a;, y) = x. A Finsler structure of M is a function 

F : TM [0, oo) 

with the following properties: 

(i) Regularity: F is C°° on the entire slit tangent bundle TM\0. 

(ii) Positive homogeneity : F{x, Xy) = XF{x,y) for all A > 0. 

(iii) Strong convexity: The n x n Hessian matrix 

d d fl 



^'^'^ ~ dy>^ dy- [2^^ 

is positive-definite at every point of TM\0. 

Throughout the Letter, the lowering and raising of indices are carried out by the 
fundamental tensor g^^, defined above, and its inverse g'^'^. 



In Finsler manifold, there exists a unique linear connection - the Chern connection [19 
It is torsion freeness and metric-compatibility, 



' 

r;. = 7;. - g'-' I A,,,^ - + A^,^^ I , (2) 



where 7^^ is the formal Christoffel symbols of the second kind with the same form 
of Riemannian connection, Nf^ is defined as N^^ = 7^0,?/" — A^xlapV^'y^ ^^"^ ^A/^i/ = 
jg^g^g^(F^) is the Cartan tensor (regarded as a measurement of deviation from 
the Riemannian Manifold). 

The Randers metric is a Finsler structure F on TM with the form 

F{x,y) = a{x,y) + I3{x,y) , (3) 



where 



a{x,y) = \J a^^{x)y^'y'' 

= h^{x)y^. (4) 

Here a is a Riemannian metric on the manifold M. In this Letter, the indices decorated 
with a tilde are lowered and raised by a^^ and its inverse matrix a^*^. A Finsler 
structure F is said to be of Berwald type if the Chern connection coefficients F^^^ in 
natural coordinates have no y dependence. Given a Randers space of Berwald type, 
Kikuchi[20] proved that 

dh 

^.1^ - ^ - b.i;. = 0, (5) 

where 7^^, is the Christoffel symbols of Riemannian metric (5^,^. In Randers space of 
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Berwald type, after some tedious calculations one obtains that 

= (6) 
The curvature of Finsler space of Berwlad type is given as 

p A Ku i<-tJ- I -pA -pa -pA -pa /yN 

Thus, the curvature of Randers space of Berwald type can be simplified as 

^ A ^ ^^Jku 'Kti I ~a _ ~A ~a /gN 

"'re ui' Q„// Q„iy ' lap, I Ku lau i ku' V / 



This curvature is none other than the curvature of a. The Ricci tensor on Finsler 
manifold was first introduced by Akbar- Zadeh [21]. In Finsler space of Berwald type, 
it reduces to 

It is manifestly symmetric and covariant. Apparently the Ricci tensor will reduce to 
the Riemann-Ricci tensor if the Cartan tensor vanish identically. The trace of the 
Ricci tensor gives the scalar curvature S = g'^'^Ric^p. In order to investigate the FRW 
cosmology, we set the Riemannian metric a to be the Robert son- Walker one 

~a,, = diag (^1, -R\ty, -R'ity sin' , (10) 

where /c = 0, ±1 for a fiat, closed and hyperbolic geometry respectively. Unfortunately, 
such a Randers space of Berwald type is just the Riemannian space. That is the 
condition only has solution 6 = 0. Here, we set = {Bq, 0, 0, 0) for satisfying the 



requirement that the universe is homogenous and isotropic. If bo is sufficient small, the 
space can be regarded as a Berwald space approximately. On such approximation, we 
just neglect the term proportion to J ^dx in the field equation ([1]). 

After some tedious but straightforward calculations, we obtain following nonzero 
components of curvature in Randers space of approximate Berwald type 



The terms B^^^ and B^\^ vanish in Randers space of approximate Berwald type, 
where 



In the left side of the field equations, only symmetric part is left. Thus, we should set 
the energy-momenta tensor as 



where p = p{x) and p = p{x) is the the energy density and pressure of the cosmic 
fiuid respectively. The — component of the field equations ([1]) gives the modified 




(12) 



T!^ = diag(p, -p, -p, -p) 



(13) 
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Friedmann equation 

a [r' k\ IR^ a' f(3. y' ~, 

By making use of the modified Friedmann equation (fUl) and omitting the 0{b'^) term, 
we obtain the i — i component of the field equations ([1]) 



aR/ a f 13 y° y^raW 47rG. 



(15) 



From the equation (fT5|) . one can see clearly that the accelerated expanding universe 
(i? > 0) is guaranteed by the constraint 

1 + — — floo 2aoo— < 0, (16) 



while the energy density and pressure of the cosmic fluid keep positive. Since the 
Finsler structure F and Riemannian length element a are positive, a direct deduction 
from (fT6i) is 

^0 < — 5 ^ , (17) 

y_((E.)2 — 2) 

,.0 

— > V2. (18) 
a 

The positive Finsler structure F gives that bob^ < 1. So that the complete constraint 
on Randers- Finsler structure to support accelerated expanding universe is 



- 1< feo < — -0 • (19) 

^((^)^-2) 
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It means that a negative bo provides an effective repulsive force in tlie course of universe 
expanding. 

This fact also can be observed clearly from the geodesic with constant Riemanian 
speed. Following the calculus of variations, one get the geodesic equation of Finsler 
space [T8] 



Deducing from ( l20l) . we obtain the geodesic of Randers space with constant Riemanian 
speed (namely, tt(^) is constant) 



where f^^i, = -q^ — ^^- The geodesic equation of Randers space ( l2Ti) has clearly physical 
meaning. The last term, which is proportional to the asymmetrical term f^^, acts as 
electromagnetic force. The term can be regarded as the electromagnetic potential. 
The negative 60 nieans that the "electromagnetic" force / is repulsive and against the 
popular attractive force. 

Since the Finsler structure depends on both coordinates and velocities, it is impor- 
tant to investigate the physical meaning of the velocity dependence. The term ^[8] 
involved in (|T7I) represents the energy-to-mass ratio. The upper bound of the dimen- 
sionless parameter gives a criteria that the repulsive effect equal to the attractive 
one. It means that the universe is expanding with constant speed while 60 equal to 
its upper bound. The particle have enough energy to fight against the attractive force 
while 60 satisfies the constraint ( ITTl) . 




(20) 




(21) 
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